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1 Introduction
In physics the description of a class of phenomena may often be based
on different a priori conventions, hence yielding complementary pictures of
these phenomena. In this context Poincare´ pointed out the purely con-
ventional role of spacetime geometry in the description of the behaviour of
matter [1]. In fact two points of view are possible [2].
Either, one defines the line element ds2 to be of Minkowskian form.
Accordingly, in a gravitational field material rods will shrink and clocks
slow down w.r.t. this metric. Hence, one defines the geometry of spacetime
to be Minkowskian, whereas the behaviour of physical rods and clocks has
to be determined by experiments.
Or, one defines rods or clocks to have one and the same length or period
at any point of spacetime. Accordingly, a measurement of the line element
ds2 using these rods and clocks will yield that the geometry of spacetime
is curved in general. This is the convention Einstein introduced to describe
gravitation. Apart from global topological questions the two complementary
points of view are equivalent.
The general theory of relativity and its extensions are based on the sec-
ond point of view and yield a geometric description of the gravitational
interaction [3]. This is incorporated in the theory by requiring that the
behaviour of matter in gravitational backgrounds has to be described by
equations which are form-invariant under the groups of general coordinate
transformations and local SO(1, 3) frame rotations [3]. In this conception
the gravitational field is closely connected to the metric tensor.
As long as one is interested in the macroscopic aspects of gravitation this
point of view is very natural [4]. Its limitation shows up at the quantum
level. It is very difficult to extend a picture so intimately related to classi-
cal concepts such as rods and clocks to a simple microscopic understanding
of gravitation. In microphysics spacetime geometry enters only as a back-
ground concept necessary in defining a field theory. It cannot be subject to
direct measurements in this context.
Hence, at the quantum level one is naturally led to the first point of
view avoiding the interrelation of spacetime structure and gravitational phe-
nomena. Here free matter is described by local, causal fields defined on
Minkowski spacetime and its interactions are introduced using the gauge
principle which allows a far-reaching generalization of the connection be-
tween conservation laws and global symmetry requirements [5].
To obtain a gauge theory of gravitation [6] one first ensures the conser-
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vation of energy-momentum and angular momentum by the requirement of
global covariance of the free matter field theory under the Poincare´ group P.
In a second step one gauges P [7]-[21], the translation subgroup T [22]-[25],
the Lorentz subgroup L [26], or even a larger group, e.g. [27]-[40].
Most of the existing gauge theories of gravitation adopt the second point
of view yielding a geometric description of gravity [7]-[15], [22]. This is
related to the fact that P is usually conceived partly as a spacetime partly
as an inner symmetry group. The local extension of its spacetime part
becomes then the diffeomorphism group, such that the gauged theory is
invariant under general coordinate transformations and local SO(1, 3) frame
rotations. This local symmetry group is then necessarily linked with the
geometry of spacetime.
Adopting the second point of view one can build up gauge theories of
gravitation erecting a principal bundle with T [24]-[25], P [16]-[21] or some
other group as structural group [35]-[40]. One difficulty is now to link the
connection corresponding to the purely inner symmetry with the vierbein
and spin connection in gravity. Another one comes with choosing an action
for the gauge fields natural from the bundle point of view. It may come out
to be inconsistent with renormalization properties of matter fields in such
backgrounds.
Therefore we restrict ourselves to recast P symmetry and its conse-
quences in the form of an inner symmetry (section 2) extending a previous
work on gauging the translations alone [23]. This leads to a complementary
description of the global action of P which is in complete analogy to the
description of the action of inner symmetry groups as groups of generalized
’rotations’ in field space [5]. In particular the coordinate system used to
specify the spacetime events is not affected anymore by P transformations.
We next introduce local P gauge transformations and demand the invari-
ance of physical processes under those (sections 3 and 4). This necessarily
leads to the existence of gauge fields with definite behaviour under local P
gauge transformations. Their coupling to any other field is essentially fixed
as in the case of other gauge field theories (section 5).
To obtain a gauge field dynamics consistent with renormalization prop-
erties of matter fields we next determine the changes of one-loop parti-
tion functions under rescaling (section 7). In a renormalizable theory the
anomalous contributions to these changes may be absorbed in the classical
actions for the different fields (e.g. [41]. Using heat kernel methods and
the ζ-function renormalization for one-loop determinants shortly presented
in appendices A and B we determine the contributions of the two gauge
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fields explicitly. We finally give a minimal gauge field action consistent with
theses contributions (section 8).
In order to get the interpretation of the resulting theory as a gauge
theory of gravitation we show that it may be recast in usual geometrical
terms replacing local P gauge invariance by invariance under general co-
ordinate transformations and local SO(1, 3) frame rotations, the symmetry
requirements in the general theory of relativity or its extensions (section
6). Hence, the P gauge theory of gravitation allows a complementary de-
scription of gravitational effects in which the mathematical structure of the
underlying spacetime is not affected by physical events (in this context we
refer to [42] - [43]).
We work on Minkowski spacetime (R4,η) with Cartesian coordinates
throughout, such that η = diag(1,−1,−1,−1). Indices α, β, γ, ... from the
first half of the Greek alphabet denote quantities defined on (R4,η) which
transform covariantly w.r.t. the Lorentz group. They are correspondingly
raised and lowered with η.
2 Global Poincare´ invariance as an inner symme-
try
In this section we extend the two complementary conceptions of global
translation invariance in field theory discussed in [23] to the full Poincare´
group including fields with spin. The corresponding conserved currents, the
canonical energy-momentum tensor Θγ α and the angular momentum tensor
Mγ αβ coincide in the two conceptions.
First let us state the Noether theorem in a quite general form. Consider
a set of fields ϕj(x) with j = 1, .., n. Their dynamics shall be specified by
the action SM =
∫
d4x LM(x, ϕj , ∂αϕj). δSM = 0 yields then the equations
of motion. Consider further the infinitesimal transformations
xα −→ x′α = xα + δxα(x), (1)
ϕj(x) −→ ϕ
′
j(x
′) = ϕj(x) + δϕj(x)
of the coordinates and the fields. If there are functions δfγ(x) for which
d4x′ LM (x
′, ϕ′j(x
′), ∂′αϕ
′
j(x
′)) = (2)
d4x {LM (x, ϕj(x), ∂αϕj(x)) + ∂γδf
γ(x)}
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holds, then there is a conserved current Jγ found to be
Jγ = −
∂LM
∂(∂γϕj)
· δϕj + δf
γ +Θγ α · δx
α (3)
and, with appropriate boundary conditions, a conserved charge Q given by
Q =
∫
x0=const
d3xJ0. (4)
The fields ϕj above must obey the equations of motion. Θ
γ
α is the canonical
energy-momentum tensor
Θγ α =
∂LM
∂(∂γϕj)
· ∂αϕj − η
γ
α · LM . (5)
We apply this theorem now in two different ways to a globally Poincare´
invariant theory of the fields ϕj where LM thus depends on x only through
the fields.
The usual conception of Poincare´ symmetry partly as a spacetime partly
as an inner symmetry is expressed in the transformation formulae
xα −→ x′α = xα + εα + ωα βx
β, (6)
ϕj(x) −→ ϕ
′
j(x
′) = ϕj(x)−
i
4
ωαβΣαβ ϕj(x).
δxα = εα + ωα βx
β is the change of x under the combination of a global in-
finitesimal spacetime translation and a global infinitesimal Lorentz rotation,
δϕj = −
i
4ω
αβΣαβ ϕj(x) the corresponding change of ϕj in field space. Σγδ
are the representations of the generators of the Lie algebra so(1,3) in inner
field space normalized to fulfil the commutation relations
[Σγδ,Σεζ ] = 2i{ηδεΣγζ − ηδζΣγε + ηγεΣζδ − ηγζΣεδ}. (7)
One easily convinces oneself now that eqn.(2) holds for δfγ = 0 and obtains
with (3) the conserved current
Jγ = Θγ α · ε
α +
1
2
Mγ αβ · ω
αβ (8)
where Mγ αβ is the canonical angular momentum tensor
Mγ αβ = Θ
γ
αxβ −Θ
γ
βxα +
i
2
∂LM
∂(∂γϕj)
Σαβ ϕj . (9)
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Next, we introduce global infinitesimal P gauge transformations
xα −→ x′α = xα,
ϕj(x) −→ ϕ
′
j(x) = ϕj(x)− {ε
α + ωα βx
β} · ∂αϕj(x) (10)
−
i
4
ωαβΣαβ ϕj(x).
P acts now as a group of generalized ’phase rotations’ in field space only and
leaves the spacetime coordinates x unchanged. As it is again a symmetry
transformation of Poincare´ invariant actions we are led to the complemen-
tary conception of Poincare´ symmetry as a purely inner symmetry. We now
have δxα = 0, δϕj = −{ε
α + ωα βx
β} · ∂αϕj −
i
4ω
αβΣαβ ϕj and
d4xLM (ϕ
′
j(x), ∂αϕ
′
j(x)) = (11)
d4x {LM (ϕj(x), ∂αϕj(x))− {ε
γ + ωγ βx
β} · ∂γLM(ϕj(x), ∂αϕj(x))}
so that eqn.(2) holds with δfγ = −δγ α · {ε
α + ωα βx
β}LM . The conserved
current is found to be the same Jγ as in eqn.(8). This shows that the
two complementary conceptions are equivalent w.r.t. their physical conse-
quences. In both cases the conserved charges are found to be the energy-
momentum
Pα =
∫
d3xΘ0 α (12)
and the angular momentum
Mαβ =
∫
d3xM0 αβ. (13)
We have obtained a description of the global action of P which resembles
very much the manner the action of well-known inner symmetries is usually
described in field theory (see e.g. [5]). Let us now go one step further and
gauge the Poincare´ group P extending the discussion of gauging T in [23].
3 Local P gauge invariance. The covariant deriva-
tive ∇˜α and its decomposition w.r.t. pγ and mγδ
In this section we introduce local P gauge transformations and the cor-
responding covariant derivative ∇˜α = ∂α +Bα respecting the local P gauge
symmetry. We give the decomposition of the compensating field Bα w.r.t.
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the p generators pγ and mγδ and determine its behaviour under local P
gauge transformations.
In the previous section we recast P symmetry in the form of an inner
symmetry. Only in this conception it is possible to rewrite the formulae (10)
for global infinitesimal P gauge transformations as
xα −→ x′α = xα (14)
ϕj(x) −→ ϕ
′
j(x) =
(
(1+Θ)ϕj
)
(x).
Hence, we can introduce in complete analogy to notions used in non-abelian
gauge field theory the unitary infinitesimal representations of P transfor-
mations in field space (1+ Θ) forming a Lie group, where the infinitesimal
hermitean gauge operators
Θ = −{εγ + ωγδxδ} · ∂γ −
i
4
ωγδΣγδ (15)
= i εγ · pγ −
i
2
ωγδ ·mγδ
are decomposed in two equivalent ways for later use. The corresponding
generators of the Lie algebra p in field space
pγ = i ∂γ , mγδ = i(xγ∂δ − xδ∂γ) +
1
2
Σγδ (16)
are normalized to fulfil the usual commutation relations of the p generators
[pγ , pδ] = 0
[pγ ,mεζ ] = i{ηγεpζ − ηγζpε} (17)
[mγδ,mεζ ] = i{ηδεmγζ − ηδζmγε + ηγεmζδ − ηγζmεδ}.
Above hermiticity and unitarity are understood w.r.t. the usual scalar prod-
uct in field space.
Let us extend now P to a Lie group of local infinitesimal gauge trans-
formations allowing ε(x) and ω(x) to vary with x. We thus consider from
now on
Θ(x) = −{εγ(x) + ωγδ(x)xδ} · ∂γ −
i
4
ωγδ(x)Σγδ (18)
= i εγ(x) · pγ −
i
2
ωγδ(x) ·mγδ.
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Note that the algebra of the Θ(x) does close again. There is a new element
of non-commutativity in the algebra of the Θ besides the one expressed in
(17) as, contrary to the usual case, the local parameters ε(x) and ω(x) don’t
commute with the generators of the algebra given in (17). The emerging
ordering problem is overcome by the convention that Θ(x) in its above form
only acts to the right. This convention is motivated by demanding equiva-
lence of the algebra of the Θ(x) to the diffeomorphism times so(1,3) algebra.
The formulae (14) still define the representation of P in the space of fields.
In order to recast a given matter theory in a locally P gauge invariant
form we must introduce a covariant derivative ∇˜α. To be more precise
we demand that the Lagrangian with covariant derivatives ∇˜α replacing
the usual ones behave under local infinitesimal P transformations the same
way it behaves with the usual derivatives ∂α under global infinitesimal P
transformations. Hence, we must ensure
LM(ϕ
′
j(x), ∇˜
′
αϕ
′
j(x)) = (19)
LM(ϕj(x), ∇˜αϕj(x))− {ε
γ(x) + ωγδ(x)xδ} · ∂γLM (ϕj(x), ∇˜αϕj(x))
where ∇˜′α denotes the gauge transformed covariant derivative. Note that
(19) alone does not lead to the local P invariance of the original action
SM =
∫
LM for the second term in eqn.(19) is no longer a pure divergence
as it was in the case of global infinitesimal transformations.
As usual it is sufficient to construct a covariant derivative which fulfils
∇˜′α (1+Θ(x)) = (1+Θ(x)) ∇˜α. (20)
Because ∇˜α transforms as a Lorentz vector we have to supplement the gen-
erators Σγδ of so(1,3) in matter field space occuring in the decomposition of
Θ(x) with the corresponding generators Σγδ acting on vectors to obtain the
appropriate product representation as we will always do where necessary.
For the infinitesimal transformations considered, eqn.(20) ensures indeed
the proper transformation behaviour (19). As Θ(x) in eqn.(18) may be de-
composed w.r.t. the Lie algebra generators as usual we are led to try the
ansatz
∂α −→ ∇˜α = ∂α +Bα (21)
together with the decomposition of Bα w.r.t. pγ and mγδ
Bα ≡ −iBα
γ · pγ +
i
2
Bα
γδ ·mγδ (22)
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introducing the 40 compensating fields Bα
γ and Bα
γδ. We emphasize that
this decomposition, relevant for any perturbative calculation, yields as fun-
damental compensating fields the 16 Bα
γ for the local translations and the
24 Bα
γδ for the local Lorentz rotations. It is only possible in the context of
gauging the Poincare´ group as an inner symmetry group. The spin gener-
ators Σγδ occuring in the decomposition of Bα always have to be adjusted
to the Lorentz group representation upon which they act, hence manifestly
ensuring the covariant transformation behaviour of ∇˜α throughout. Note
that Bα acts here not only as a matrix but also as a differential operator in
field space.
We are ready now to discuss the behaviour of Bα under local gauge
transformations. Inserting the ansatz (21) for ∇˜α in eqn.(20) we obtain the
transformation law
δBα = B
′
α −Bα = [Θ, ∂α +Bα] (23)
= −∂αΘ+ ωα
β∂β + [Θ, Bα]
where we remark that the second term in (23) just cancels the last term in
∂αΘ = i ∂αε
γ · pγ −
i
2
∂αω
γδ ·mγδ −
i
2
ωγδ · ∂αmγδ.
Hence, there are only the derivatives of ε(x) and ω(x) occuring above as
expected. Eqn.(23) defines the representation of the local Poincare´ group
P in the gauge field space. Note the structural similarity of the results
obtained up to now to similar ones in the discussion of non-abelian gauge
symmetry [5]. Next we decompose δBα w.r.t. the generators pγ and mγδ of
p
δBα ≡ −i δBα
γ · pγ +
i
2
δBα
γδ ·mγδ. (24)
The quite lengthy evaluation of all the commutators shows that δBα has
indeed the required decomposition and we obtain
δBα
γ = ∂αε
γ +Bα
ζ · ∂ζε
γ −Bα
εζ xε · ∂ζε
γ − εζ · ∂ζBα
γ (25)
+ ωεζ xε · ∂ζBα
γ − εδBα
γδ + ωα
βBβ
γ + ωγ δBα
δ
and
δBα
γδ = ∂αω
γδ +Bα
ζ · ∂ζω
γδ −Bα
εζ xε · ∂ζω
γδ − εζ · ∂ζBα
γδ (26)
+ ωεζ xε · ∂ζBα
γδ + ωα
βBβ
γδ + ωγ ζBα
ζδ + ωδ ζBα
γζ .
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Compared with the corresponding transformation formula in the translation
gauge invariant theory [23] eqns.(25) and (26) become quite involved and
again strongly differ from the analogous ones in non-abelian gauge field
theory.
4 The covariant derivative ∇˜α and its decomposi-
tion w.r.t. ∂γ and Σγδ
In this section we decompose the covariant derivative ∇˜α w.r.t. ∂γ and
Σγδ and recast it in terms of the effective gauge fields eα
γ and Bα
γδ. We
introduce the field strength operator and determine its behaviour under local
P gauge transformations.
The decomposition of the covariant derivative ∇˜α given in the previous
section emphasizes the relation of the fundamental compensating fields to
the Poincare´ algebra p and is a crucial tool for all perturbative calculations
in the present approach. To obtain the covariant objects of the theory in a
compact form, however, it is suitable to recast ∇˜α from eqns.(21), (22)
∇˜α = eα
γ∂γ +
i
4
Bα
γδΣγδ (27)
introducing the effective matrix fields eα
γ
eα
γ ≡ δα
γ +Bα
γ +Bα
γδxδ. (28)
Note that this decomposition of ∇˜α corresponds just to the first way of
expressing the local gauge operator Θ in eqn.(18). Abbreviating
dα ≡ eα
γ∂γ , Bα ≡
i
4
Bα
γδΣγδ, (29)
where Σγδ must be properly adjusted to the Lorentz group representation it
acts upon, we write ∇˜α = dα + Bα from now on. dα is just the translation
covariant derivative introduced in [23].
As in our conception coordinate and P gauge transformations are strictly
separated we emphasize that the introduction of Bα
γ , Bα
γδ and eα
γ has
neither implications on the structure of the underlying spacetime which we
assumed to be (R4,η) endowed with the Minkowski metric η. Nor has it im-
plications on the maximal symmetry group of (R4,η), which is the Poincare´
group if we still restrict ourselves to the use of Cartesian coordinates only.
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This fact will allow one to obtain the energy-momentum and angular mo-
mentum of the gauge fields by an application of the Noether theorem given
in section 1.
Let us now recast the quite involved transformation behaviour of Bα
γ
and Bα
γδ under local P gauge transformations in terms of eα
γ and Bα
γδ.
With the use of eqns.(25) and (26) the variation of eα
γ becomes quite simple
δeα
γ = eα
ζ · ∂ζ{ε
γ + ωγδxδ} (30)
− {εζ + ωζηxη} · ∂ζeα
γ + ωα
ζeζ
γ
and is expressed in terms of eα
γ only. For the variation of Bα
γδ we obtain
the result
δBα
γδ = eα
ζ · ∂ζω
γδ − {εζ + ωζηxη} · ∂ζBα
γδ (31)
+ ωα
ζBζ
γδ + ωγ ζBα
ζδ + ωδ ζBα
γζ .
As the determinant det e−1 will enter the locally P invariant actions we give
its transformation behaviour already here
δ det e−1 = − det e−1 · ∂ζ{ε
ζ + ωζηxη} (32)
− {εζ + ωζηxη} · ∂ζ det e
−1.
Before turning to the field strength operator we introduce the non-
covariant decomposition
[dα, dβ ] ≡ Hαβ
γdγ (33)
as in [23]. Hαβ
γ is expressed in terms of eα
γ as
Hαβ
γ = e−1 γ ε(eα
ζ · ∂ζeβ
ε − eβ
ζ · ∂ζeα
ε) (34)
where e−1 γ ε is the matrix inverse to eα
ε, i.e. eα
ε · e−1 γ ε = δα
γ .
This allows us now to obtain the field strength operator and its decom-
position. Taking into account the vector character of ∇˜α we obtain after a
little algebra
Sαβ ≡ [∇˜α, ∇˜β]
= Hαβ
γdγ − (Bαβ
γ −Bβα
γ)dγ (35)
+ dαBβ − dβBα + [Bα, Bβ].
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Introducing the tensor coefficients of dγ
Tαβ
γ ≡ Bαβ
γ −Bβα
γ −Hαβ
γ (36)
we may rewrite Sαβ as
[∇˜α, ∇˜β] = −Tαβ
γ ∇˜γ +
i
4
R˜γδ αβΣγδ, (37)
where R˜γδ αβ is found to be
R˜γδ αβ ≡ dαBβ
γδ − dβBα
γδ +Bα
δεBβε
γ (38)
− Bβ
δεBαε
γ −Hαβ
εBε
γδ.
For later use we finally introduce the shorthand notation
R˜ αβ ≡
i
4
R˜γδ αβΣγδ. (39)
As Sαβ has a decomposition w.r.t. ∇˜δ and Σγδ it acts in general not
only as a matrix but also as a first order differential operator in field space.
Only if Bα
γδ is related to Hαβ
γ the coefficient Tαβ
γ of the operator part
in eqn.(37) does vanish. Denoting this particular choice of Bα
γδ being of
much importance later with Cα
γδ the required relation becomes
Cαβ
γ − Cβα
γ = Hαβ
γ . (40)
We may now solve for Cα
γδ with the result
Cα
γδ =
1
2
(
Hα
γδ −Hα
δγ −Hγδ α
)
. (41)
For the special choice Bα
γδ = Cα
γδ we omit the tilde, hence writing
∇α ≡ dα + Cα. (42)
Obviously we obtain for Sαβ a matrix only
[∇α,∇β ] =
i
4
Rγδ αβΣγδ ≡ R αβ (43)
where
Rγδ αβ = dαCβ
γδ − dβCα
γδ + Cα
δεCβε
γ (44)
− Cβ
δεCαε
γ − (Cαβ
ε − Cβα
ε)Cε
γδ
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is now expressed in terms of Cα
γδ .
By construction Sαβ transforms homogeneously under infinitesimal local
P gauge transformations
S′αβ (1+Θ(x)) = (1+Θ(x)) Sαβ (45)
and thus
δSαβ = S
′
αβ − Sαβ = [Θ, Sαβ] (46)
Decomposition of eqn.(46) w.r.t. ∇˜γ and Σγδ together with the use of the
known transformation law eqn.(30) for eα
γ leads to
δTαβ
γ = −{εζ + ωζηxη} · ∂ζTαβ
γ (47)
+ ωα
ζTζβ
γ + ωβ
ζTαζ
γ + ωγ ζTαβ
ζ
and to
δR˜γδ αβ = −{ε
ζ + ωζηxη} · ∂ζR˜
γδ
αβ + ωα
ζR˜γδ ζβ (48)
+ ωβ
ζR˜γδ αζ + ω
γ
ζR˜
ζδ
αβ + ω
δ
ζR˜
γζ
αβ.
Tαβ
γ and R˜γδ αβ transform homogeneously under infinitesimal local P gauge
transformations. We emphasize that the choice Tαβ
γ = 0 is indeed a gauge
covariant statement as we implicitly assumed above introducing Cα
γδ. As
long as one works with regularizations respecting the gauge symmetry, as
we will do later on, it is always possible to work consistently under the
constraint T = 0.
For later use we finally introduce the difference of the two gauge fields
Kα
γδ ≡ Bα
γδ − Cα
γδ (49)
which is related to Tαβ
γ as
Kαβγ −Kβαγ = Tαβγ (50)
with the obvious inversion
Kαγδ =
1
2
(Tαγδ − Tαδγ − Tγδα) . (51)
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5 P gauge invariant matter actions. Scalar, spinor
and vector fields as examples
In this section we discuss the extension of globally P invariant matter
actions on (R4,η) to locally P gauge invariant ones. We then apply the
general framework to a scalar, spinor and vector field action in turn and
determine their respective locally P gauge invariant forms.
Let us consider a globally P invariant theory for n fields ϕj specified
by the Lagrangian density LM (ϕj , ∂αϕj) assumed to be real L
∗
M = LM . In
section 3 we have constructed a covariant derivative ∇˜α which respects the
behaviour of LM under global Poincare´ gauge transformations extended to
local ones as expressed in eqn.(19). But as we already mentioned (19) is
not yet sufficient for the original action SM =
∫
LM to be locally P gauge
invariant.
We have to complete the Lagrangian density with another term ensuring
that the change of both parts together under a local P transformation will
yield a pure divergence only. Using the transformation law (32) for det e−1
we get for the behaviour of the combination
det e−1 · LM (ϕj , ∇˜αϕj) (52)
under local P gauge transformations
det e′−1 · LM (ϕ
′
j , ∇˜
′
αϕ
′
j) = det e
−1 · LM (ϕj , ∇˜αϕj) (53)
−∂γ
(
{εγ(x) + ωγδ(x)xδ}det e
−1 · LM (ϕj , ∇˜αϕj)
)
,
i.e. the change of the combination (52) is indeed a pure divergence.
Therefore the minimally extended locally P gauge invariant matter ac-
tion becomes
SM =
∫
d4x det e−1(x) · LM (ϕj(x), ∇˜αϕj(x)). (54)
Of course, SM remains invariant if we change from one to another inertial
system by global coordinate translations or Lorentz rotations.
It is the conception of P symmetry as an inner symmetry together with
the gauge principle which has led us to this minimal coupling prescription.
In this conception the gauge fields and their transformation behaviour do not
interfere with the spacetime structure (R4,η) fixed by an a priori convention
and the underlying geometry remains separated from the physics described
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by the P gauge fields in the same manner it remains separated from the
physics described by any usual matrix gauge field.
For later use we turn now to apply the general framework developed so
far to a real massive scalar field, a massive Dirac spinor and a massive vector
field. The globally P invariant action for the scalar field ϕ is given by
SM =
∫
d4x
{
1
2
∂αϕ · ∂
αϕ−
1
2
m2ϕ2
}
. (55)
The so(1,3) generators are trivial and the P covariant derivative is inde-
pendent of Bα
γδ as is the minimal extension of (55) to a locally P gauge
invariant action
SM =
∫
d4x det e−1
{
1
2
dαϕ · d
αϕ−
1
2
m2ϕ2
}
. (56)
We obtain the same result as in the case of pure T gauge invariance [23].
Note that in the presence of eα
γ the scalar product in real scalar field space
becomes now (χ,ϕ)e =
∫
d4x det e−1 χ · ϕ.
The globally P invariant action for a Dirac spinor with real Lagrangian
density is given by
SM =
∫
d4x
{
i
2
ψγα(∂αψ)−
i
2
(∂αψ)γ
αψ −mψψ
}
. (57)
The Dirac matrices fulfil the usual Clifford algebra {γα, γβ} = 2ηαβ and
the so(1,3) generators become Σαβ =
i
2 [γα, γβ ]. The minimal extension
prescription yields the locally P gauge invariant action
SM =
∫
d4x det e−1
{
i
2
ψγα(∇˜αψ)−
i
2
(∇˜αψ)γ
αψ −mψψ
}
. (58)
Due to spin Bα
γδ enters now the action. We will further investigate this
below in the context of quantum field theoretical considerations. Partially
integrating ∇˜α in the second term above leads to the usual form of the Dirac
action
SM =
∫
d4x det e−1ψ
{
iγα(∇˜α −
1
2
Kγα
γ)−m
}
ψ. (59)
Note the occurrence of the tensor K ensuring the hermiticity of the P co-
variant Dirac operator w.r.t. (χ,ψ)e =
∫
d4x det e−1 χ · ψ.
We turn to the last example. The globally P invariant action for a
massive vector field is given by
SM =
∫
d4x
{
−
1
4
FαβF
αβ +
1
2
m2AαA
α
}
, (60)
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where the field strength reads Fαβ = ∂αAβ −∂βAα. The so(1,3) generators
in the vector representation are (Σαβ)
γδ = 2i(ηα
γηβ
δ − ηα
δηβ
γ) and the
minimal extension of the action (60) to a locally P gauge invariant action
yields
SM =
∫
d4x det e−1
{
−
1
4
FαβF
αβ +
1
2
m2AαA
α
}
(61)
together with the covariant field strength Fαβ = ∇˜αAβ − ∇˜βAα. The co-
variant derivative in the vector representation is simply ∇˜αAβ = dαAβ −
Bαβ
γAγ . We remark that under the P gauge covariant U(1) gauge trans-
formation
Aα −→ Aα +∇αΛ
the field strength is in general not invariant
Fαβ −→ Fαβ − Tαβ
γ∇γΛ.
Only for T = 0 the Maxwell action with m = 0 is U(1) gauge invariant.
The scalar product in vector field space (A,B)e = −
∫
d4x det e−1Aαη
αβBβ
is chosen such that the physical polarizations have positive norm.
All the examples above and non-minimal extensions are discussed in the
geometrical framework e.g. in [44].
6 Invariance under coordinate transformations and
frame rotations as complementary conception
In this section the concept of local P gauge invariance is shown to be
physically equivalent to the usual concepts of coordinate and local Lorentz
invariance. This equivalence allows us to re-interpret the formalism in com-
mon geometrical terms.
Up to now we have relied on the conception of P symmetry as an inner
symmetry expressed in the transformation behaviour eqn.(14) for matter
fields and eqns. (30), (31) for the gauge fields. It allowed us to extend the
framework of gauge theories of matrix groups to the operator gauge group P.
As the Poincare´ group of global spacetime transformations relating different
observers and the local gauge group P were strictly separated the a priori
geometry of spacetime (R4,η) chosen to be Minkowskian was not affected
by the introduction of the P gauge fields eα
γ and Bα
γδ.
We turn now to the complementary conception of Poincare´ symmetry
partly as a spacetime partly as an inner symmetry ([7]-[15]) and introduce
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besides the orthonormal indices α, β, γ, ... used up to now the coordinate
indices µ, ν, ρ, ... . The infinitesimal transformation formulae involve now
both coordinates and fields as in eqn.(6)
xµ −→ x′µ = xµ + εµ(x), (62)
ϕj(x) −→ ϕ
′
j(x
′) = ϕj(x)−
i
4
ωαβ(x)Σαβ ϕj(x).
Note that εµ(x) parametrizes a general infinitesimal coordinate transforma-
tion and may contain effects of local translations as well as local Lorentz
rotations of the coordinates which may actually no longer be distinguished
([7]-[15]). ωαβ(x) = −ωβα(x) parametrizes now a local orthonormal frame
rotation and is in no respect related to εµ(x). This becomes manifest if we
rewrite eqn.(30) in the equivalent form
eα
µ(x) −→ e′α
µ(x′) = (δα
β + ωα
β)eβ
ν(x)(δν
µ + ∂νε
µ). (63)
We find that coordinate indices µ, ν, ρ, ... are transformed with the Jacobi
matrix ∂x
′µ
∂xν
= δν
µ+∂νε
µ resulting from the infinitesimal coordinate change
and orthonormal indices with the infinitesimal frame rotation δα
β + ωα
β.
Hence, the gauge group P and the requirement of local P gauge in-
variance are replaced by the groups of general (infinitesimal) coordinate
transformations and local SO(1, 3) frame rotations and the requirement of
invariance under these groups [3], [4]. Indeed, in many other gauge ap-
proaches to gravitation some combination of these two groups is used as the
gauge group [7]-[15].
As a consequence eα
µ has to be re-interpreted as vierbein and defines a
metric tensor
gµν = eα
µ eαν . (64)
The geometry of spacetime is now necessarily linked with the above dis-
cussed complementary symmetry requirements and Riemannian geometry
becomes the natural framework to deal with this point of view. The geo-
metric notations used here correspond to those in [45]. ∂µ and eˆα ≡ dα fit
in as coordinate and orthonormal non-coordinate basis vectors in the tan-
gential spaces belonging to the Riemannian manifold (R4,g). The manifold
is endowed with the indefinite metric gµν defined in eqn.(64). eα
µ enters as
the vierbein relating the two basis systems as eˆα = eα
µ∂µ and cαβ
γ ≡ Hαβ
γ
as the anholonomy coefficients fulfiling [eˆα, eˆβ ] = cαβ
εeˆε. The connection
coefficients w.r.t. the frame eˆα are then to be identified as Γ
γ
α
δ ≡ −Bα
γδ.
Comparison with eqn.(31) shows that they transform indeed in the usual
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way. Note that the antisymmetry of Bα
γδ w.r.t. γ and δ translates into the
metric compatibility condition for the connection Γ . Hence, the P gauge
fields are always related to metric connections.
Introducing next the one-form basis ϑˆα dual to eˆα in cotangential space
we can turn over to the Cartan formalism defining the connection one-form
ωγ δ ≡ Γ
γ
αδϑˆ
α and may apply the subsequent calculus.
The components of the Riemann tensor are defined by the second of
Cartan’s structure equations
dωγ δ + ω
γ
ε ∧ ω
ε
δ ≡ R
γ
Γ δ =
1
2
R
γ
Γ δαβ ϑˆ
α ∧ ϑˆβ (65)
and related as Rγδ
Γ αβ = −R˜
γδ
αβ to the field strength components introduced
in eqn.(38). The components of the torsion tensor given by the first Cartan
structure equation
dϑˆγ + ωγ ε ∧ ϑˆ
ε ≡ T γ
Γ
=
1
2
T
γ
Γ αβ ϑˆ
α ∧ ϑˆβ (66)
are related to the components of T introduced in eqn.(36) as T γ
Γ αβ = −Tαβ
γ .
We remark that the components of the tensor K introduced in eqn.(49)
translate into the contortion components Kα
Γ γδ = −K
α
γδ. The gauge po-
tential Cα =
i
4Cα
γδΣγδ thus corresponds just to the torsion free Levi-Civita`
connection Γ γL.C. α
δ = −Cα
γδ. The P covariant derivative finally becomes
∇˜α ≡ eα
µ(∂µ −
i
4Γ
γ
µ
δΣγδ), i.e. the coordinate invariant and SO(1, 3)
covariant derivative introduced e.g. in general relativity [45].
Hence, we have established the physical equivalence of our formulation
to the geometrical introduction of gravitational interactions in the general
theory of relativity relying on the principle of equivalence. This allows us to
interpret the fundamental gauge fields Bα
γ and Bα
γδ finally as gravitational
potentials. The incorporation of the principle of equivalence in the present
approach has been discussed in [23].
7 Matter partition functions in gauge field back-
grounds and their scaling behaviour
In this section we express the scaling behaviour of the one-loop partition
functions for the scalar, spinor and vector fields in the presence of eα
γ
and Bα
γδ in terms of the ζ-function belonging to the appropriate matter
fluctuation operators.
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The assumption that the interactions of the P gauge fields with the
different matter fields are renormalizable imposes strong conditions on the
classical gauge field dynamics. For let us suppose that a given theory for
a matter field and the gauge fields Bα
γ and Bα
γδ is perturbatively renor-
malizable. Then we know that the change of the partition function of the
whole system under rescaling can be absorbed in its classical action yielding
at most a nontrivial scale dependence of the different couplings, masses and
wavefunction normalizations. Hence, the explicit computation of the change
of the one-loop matter partition functions under rescaling will allow us to
constrain the classical gauge field dynamics.
As technical subtleties arising in the necessary computations have al-
ready been discussed elsewhere [41] we may turn to the evaluation of the
one-loop partition functions and their changes under rescaling for the locally
P invariant scalar, spinor and vector theories introduced in section 5.
The contribution of the scalar field to the partition function is given by
Zϕ[e] =
∫
DϕeiSM (ϕ;e). (67)
Note that we omit possible normalizations in order to obtain the most gen-
eral renormalization structure later. After a partial integration we may
rewrite eqn.(54) for SM as
SM (ϕ; e) =
1
2
(ϕ,Mϕ(e)ϕ)e (68)
introducing the hermitean hyperbolic fluctuation operator
Mϕ(e) ≡ −∇α∇
α −m2. (69)
Performing next the Gaussian integration formally yields
Zϕ[e] = e
−
1
2
log detMϕ(e). (70)
As we are only interested in the behaviour of Zϕ[e] under rescaling the most
suited renormalization of the ultraviolet divergent determinants above is
based on the ζ−function as it is a manifestly gauge invariant technique.
The scalar contribution to the partition function normalized at scale µ
becomes with the use of eqn.(136) from appendix B
Zϕ[µ; e] = e
1
2
ζ′(0;µ;Mϕ(e)). (71)
19
Let us finally consider this contribution at the new scale µ˜ = λµ and de-
termine the corresponding change of Zϕ. With the help of eqn.(139) this
change becomes
Zϕ[µ˜; e] = Zϕ[µ; e] · e
log λ·ζ(0;µ;Mϕ(e)). (72)
We turn to the contribution of the spinor to the partition function. It is
given by the Grassmann functional integral
Zψ[e,B] =
∫
DψDψ eiSM (ψ,ψ;e,B). (73)
As SM is already of the usual quadratic form we may perform the Grassmann
integral and formally obtain
Zψ[e,B] = e
1
2
log detMψ(e,B). (74)
The hyperbolic fluctuation operator in the spinor case is obtained as usual
by squaring the Dirac operator introduced in eqn.(59)
Mψ(e,B) ≡ −γ
α(∇˜α −
1
2
Tγα
γ) · γβ(∇˜β −
1
2
Tδβ
δ)−m2 (75)
and is hermitean w.r.t. ( , )e due to the occurrence of T . We have to recast
Mψ in the form of the general second order P covariant operator considered
in appendix A. Using [∇˜α, γ
β ] = 0 and γαγβ = ηαβ − iΣαβ we obtain
Mψ(e,B) = −(∇˜α −
1
2
Tγα
γ)(∇˜α −
1
2
Tδ
αδ) (76)
+
i
2
Σαβ(−Tαβ
δ∇˜δ + R˜αβ − ∇˜αKδβ
δ)−m2,
where the matrix in spinor space R˜αβ has been defined in eqn. (39). Next
we write Tα ≡
i
4T
γδ
αΣγδ and absorb the first order derivative term −2Tα∇˜
α
in the second order one. Together with the use of the Jacobi identities for
the covariant derivative ∇˜α we then find the manifestly hermitean result
Mψ(e,B) = −(∇˜α + Tα −
1
2
Tγα
γ)(∇˜α + Tα −
1
2
Tδ
αδ) (77)
+ Tα T
α +
i
2
Σαβ(R˜αβ + R˜
δ
αδβ)−m
2.
To obtain the form discussed in appendix A we finally introduce
Dα ≡ ∇α +Bα + Tα (78)
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where Bα shall only act on spinor indices and Cα in ∇α only on vector
indices. With its use we obtain the desired form
Mψ(e,B) = −DαD
α +
1
2
∇αTγ
αγ −
1
4
Tγα
γTδ
αδ (79)
+ Tα T
α +
i
2
Σαβ(R˜αβ + R˜
δ
αδβ)−m
2.
Choosing B = C in eqn.(79) finally reduces Mψ to the much simpler form
Mψ(e, C) = −DαD
α +
i
2
ΣαβRαβ −m
2. (80)
We now use eqn.(136) from appendix B to give the spinor contribution
to the partition function normalized at scale µ
Zψ[µ; e,B] = e
−
1
2
ζ′(0;µ;Mψ(e,B)). (81)
With the help of eqn.(139) we may finally express the change of Zψ corre-
sponding to a change of scale µ˜ = λµ as
Zψ[µ˜; e,B] = Zψ[µ; e,B] · e
− log λ·ζ(0;µ;Mψ(e,B)). (82)
The contribution of the vector field to the partition function is formally
given by
ZA[e,B] =
∫
DAα e
iSM (A;e,B). (83)
First we have to recast SM and obtain after partially integrating ∇˜α and
re-arranging the different terms
SM (A; e,B) =
1
2
∫
d4x det e−1Aε {(∇˜α − Tγα
γ)∇˜αηεζ
− T εζ α∇˜
α − ∇˜εTγ
ζγ + R˜εζ +m2ηεζ}Aζ (84)
+
1
2
∫
d4x det e−1∇αA
α · ∇βA
β
where R˜εζ is a matrix in vector field space defined in eqn.(39). Using again
Tα =
i
4T
εζ
αΣεζ and absorbing the first order in the second order derivative
term we can write the final result as
SM (A; e,B) =
1
2
(A,MAA(e,B)A)e (85)
+
1
2
∫
d4x det e−1∇αA
α · ∇βA
β.
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In terms of the operator
(Dα)
ε
η ≡ ∇αη
ε
η + (Bα +
1
2
Tα)
ε
η (86)
the symmetric gauge field fluctuation operator
MAA(e,B)
εζ ≡ −(Dα)
ε
η(D
α)ηζ +
1
4
(Tα)
ε
η(T
α)ηζ (87)
+
1
2
(∇˜εTγ
ζγ − R˜εζ + ∇˜ζTγ
εγ − R˜ζε)−m2ηεζ
is of the general form considered in appendix A. Note that B,T, R˜ only act
on the vector indices ε, ζ, η related to inner field space and Cα in ∇α only
on the vector indices in derivatives.
We turn to evaluate the functional integral for ZA[e,B]. As we are
dealing with a massive vector field coupled to a general gauge field Bα
γδ the
action (61) is no longer gauge invariant under the transformations defined
at the end of section 5 and in principle we would not have to fix a gauge.
As we are also interested in the two limiting cases where the mass vanishes
and where B = C we nevertheless apply the Faddeev-Popov procedure in
order to be safe in taking the aforementioned limits restoring U(1) gauge
invariance. Hence we choose a gauge condition F [AΛα ] = G(x) and insert the
identity 1 =
∫
DΛ δ(F [AΛα ]−G(x)) detMF (A) into eqn.(83) which becomes
ZA[e,B] =
∫
DΛDAα δ(F [A
Λ
α ]−G(x)) detMF (A) · e
iSM (A;e,B). (88)
As the gauge field measure and the Faddeev-Popov determinant are gauge
invariant we may change therein the coordinates from Aα to A
Λ
α = Aα+∇αΛ
without affecting the result. If we express the action in the new fields we
obtain
SM (A
Λ,Λ; e,B) =
∫
d4x det e−1{−
1
4
FΛαβF
Λαβ +
1
2
m2AΛαA
Λα
− m2AΛα · ∇
αΛ+
1
2
FΛαβ · (T
ε)αβ∇εΛ (89)
+
1
2
m2∇αΛ · ∇
αΛ−
1
4
(T ε)αβ ∇εΛ · (T
η)αβ ∇ηΛ}
displaying the T - and the Λ-dependence explicitly. We may now change the
variable AΛα → Aα everywhere in the functional integral (88). To rewrite it in
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Gaussian form we recast the result as a quadratic form in Φ ≡ (Aα,Λ)-space
obtaining
SM (Φ; e,B) =
1
2
(Φ,MΦ(e,B)Φ)e (90)
+
1
2
∫
d4x det e−1∇αA
α · ∇βA
β.
The fluctuation operator in Φ-space has four entries
MΦ(e,B) =
(
M
εζ
AA M
ε
AΛ
M
ζ
ΛA MΛΛ
)
(91)
and is hermitean w.r.t. ( , )e. MAA(e,B)
εζ is given in eqn.(87) and the three
other elements are found to be
MAΛ(e,B)
ε ≡ (∇˜η − Tζη
ζ)(T ϑ)ηε∇ϑ +m
2∇ε (92)
MΛA(e,B)
ζ ≡ ∇η(T
η)ϑζ∇˜ϑ −m
2∇ζ
and
MΛΛ(e,B) ≡ −
1
2
∇ε(T
ε)ηϑ(T
ζ)ηϑ∇ζ +m
2∇ε∇
ε. (93)
Note that these three operators are of a more general form than those con-
sidered in appendix A such that their corresponding heat kernel coefficients
would have to be computed in a different way.
To obtain the final form of the gauge fixed functional we multiply with
the Gaussian weight e−
i
2
∫
d4x det e−1G2 and integrate out the auxiliary field
G with the result
ZAgf [e,B] =
∫
DΦ detMF (e,B) · e
i
2
(Φ,MΦ(e,B)Φ)e . (94)
Here we made use of the background gauge condition
F [Aα] ≡ −∇αA
α (95)
to get rid of the last term in eqn.(85) for SM . The corresponding Faddeev-
Popov operator is then independent of m,B,K and A itself as in free QED
MF (e,B) =
δF [AΛα ]
δΛ
= −∇α∇
α (96)
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and its determinant may be taken out of the functional integral (94) being
now of Gaussian form. We can perform it and formally obtain
ZAgf [e,B] = detMF (e,B) · e
−
1
2
log detMΦ(e,B). (97)
Although the ζ-function technique discussed in appendix B may be used
to renormalize the detMΦ(e,B) we can not discuss the complete scaling
behaviour of ZAgf [e,B] as the fluctuation operator MΦ(e,B) is no longer
of the form considered in appendix A and we do not know its heat kernel
coefficient functions.
But recasting MΦ(e,B) as a product
MΦ(e,B) =
(
MAA 0
0 1
)(
1 (M−1AA)MAΛ
MΛA MΛΛ
)
(98)
we may split off the contribution coming from detMAA(e,B) and obtain for
the result regularized at scale µ
ZAgf [µ; e,B] = e
−ζ′(0;µ;MF (e,B))+ζ
′(0;µ;MAA(e,B))+o.t. (99)
where o.t. denotes the other terms present due to nonvanishing T and m.
At the new scale µ˜ = λµ we then find
ZAgf [µ˜; e,B] = ZAgf [µ; e,B] · e
−2 log λ·ζ(0;µ;MF (e,B))
·elog λ·ζ(0;µ;MAA(e,B))+o.t.. (100)
In particular we are now safe taking the limits m = 0 and B = C where all
the extra terms simply drop out. The Faddeev-Popov operator (96) does
not change whereas the gauge field fluctuation operator displayed in eqn.(87)
reduces to the simple form
MAA(e, C)
εζ = −(Dα)
ε
η(D
α)ηζ −Rεζ . (101)
8 Renormalizability and the dynamics of the gauge
fields. The minimal gravitational action
In this section we evaluate the ζ-functions yielding the rescaling changes
in terms of the P gauge fields. We then determine a minimal gauge field
action compatible with renormalizability requirements.
24
In the previous section we expressed the changes under rescaling of the
one-loop partition functions for scalar, spinor and vector fields in terms of
different ζ-functions. Renormalizability of any theory including dynamical
gauge fields requires now at least that these anomalous contributions, which
are local polynomials in eα
γ and Bα
γδ and their derivatives, may be ab-
sorbed in the classical action for the gauge fields eα
γ and Bα
γδ. Hence, to
determine explicitly a minimal gauge field dynamics consistent with renor-
malizability we finally have to evaluate the different ζ-functions.
Let us begin with the scalar field. The corresponding fluctuation opera-
tor is given in eqn.(69) and is of the form of the general operator (118) in
appendix A if we choose Aα = 0, E = −m
2 there. The coefficient function
Um(x) ≡ tr Sc2(x) obtained from eqn.(135) reduces to a quite simple form
Um = −
1
30
∇γ∇
γRαβ αβ +
1
72
Rαβ
αβ ·Rγδ
γδ
+
1
180
Rαβγδ ·R
αβγδ −
1
180
Rαγ
α
δ · Rβ
γβδ (102)
−
1
6
m2 · Rαβ αβ +
1
2
m4.
With the use of eqn.(141) from appendix B we next obtain the value of
ζ(0;µ;Mϕ(e)) as the integral over tr Sc2(x). Its insertion into eqn.(72) fi-
nally yields the anomalous term in the scalar case.
Next we turn to the spinor sector. The operator (118) of appendix A
coincides with the spinor fluctuation operator given in eqn.(79) provided
that we set
Aα ≡ Bα + Tα =
i
4
Σγδ(Bα
γδ + T γδ α), (103)
where Σγδ acts on the spinor indices only, and
E ≡ V1 + V2 + V3 −m
2. (104)
Here we introduced
V1 = −
1
8
ΣαβΣγδ V1γδαβ , V1γδαβ = R˜γδαβ +
1
2
TγδηTαβ
η,
V2 =
i
4
Σαβ V2αβ , V2αβ =
1
2
(V η1 αηβ − V
η
1 βηα), (105)
V3 =
1
2
∇˜αTγ
αγ −
1
4
Tγα
γTδ
αδ.
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We also need the field strength Fαβ corresponding to Aα defined in eqn.(134)
Fαβ =
i
4
Σγδ Fγδαβ
Fγδαβ = R˜γδαβ + ∇˜αTγδβ − ∇˜βTγδα (106)
+ Tαβ
ηTγδη + T
η
γαTηδβ − T
η
γβTηδα.
Now we insert the above expressions into eqn.(135) for c2(x) and take the
Dirac trace
trDc2 = 4Um + (
1
6
Rαβ αβ −m
2) · (4V3 − V
γδ
1 γδ)
−
1
6
∇α∇
α(4V3 − V
γδ
1 γδ)−
1
24
Fαβγδ · F
αβγδ (107)
− V3 · V
γδ
1 γδ −
1
8
V2αβ · V
αβ
2 +
1
8
V
αβ
1 αβ · V
γδ
1 γδ
+ 2V 23 +
1
8
V1αβγδ · (V
αβγδ
1 + V
γδαβ
1 + V
γβδα
1 ).
With the use of eqn.(141) from appendix B we next obtain the value of
ζ(0;µ;Mψ(e,B)) which finally yields the anomalous term in eqn.(82) in the
spinor case. We remark that for T 6= 0 this result contains a huge number
of different terms if we recast it in the natural variables R˜ and T . Only for
T = 0 it reduces to a simple form with
trDc2 =
1
30
∇γ∇
γRαβ αβ +
1
72
Rαβ
αβ · Rγδ
γδ
−
7
360
Rαβγδ ·R
αβγδ −
1
45
Rαγ
α
δ · Rβ
γβδ (108)
+
1
3
m2 ·Rαβ αβ + 2m
4.
In the vector case we have to evaluate both the ζ-functions belonging to
the ghost operator MF and the vector operator MAA. The former has been
obtained in eqn.(94) and coincides with the operator (118) of appendix A if
we choose Aα = E = 0 whereas the latter, given in eqn.(87), coincides with
the operator (118) provided that we set
Aα ≡ Bα +
1
2
Tα =
i
4
Σγδ(Bα
γδ +
1
2
T γδ α), (109)
where Σγδ acts on inner vector indices only, and
Eεζ ≡ V εζ −m2ηεζ . (110)
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Here we set
V εζ =
1
2
(∇˜εTγ
ζγ − R˜γ
ζγε + ∇˜ζTγ
εγ − R˜γ
εγζ)−
1
4
T ε γδ T
ζγδ. (111)
The field strength Fαβ corresponding to Aα is found to be
Fαβ =
i
4
Σγδ Fγδαβ
Fγδαβ = R˜γδαβ +
1
2
∇˜αTγδβ −
1
2
∇˜βTγδα (112)
+
1
2
Tαβ
ηTγδη +
1
4
T η γαTηδβ −
1
4
T η γβTηδα.
Inserting the above expressions into eqn.(135) for c2(x) and taking the re-
spective traces we get in the ghost case the same result as in the scalar one
for m = 0
trGc2 = U0, (113)
whereas the result in the vector case is
trMc2 = 4Um + (
1
6
Rαβ αβ −m
2) · Vγ
γ
−
1
6
∇α∇
αVγ
γ −
1
12
Fαβγδ · F
αβγδ (114)
+
1
2
V αβ · Vαβ.
With the use of eqn.(141) from appendix B we next obtain the values
of ζ(0;µ;MF (e)) and ζ(0;µ;MAA(e,B)) which finally yield the anomalous
terms in eqn.(100) for the vector case. Again, for T 6= 0 the result (114)
contains a huge number of different terms if we recast it in the natural vari-
ables R˜ and T . Only in the U(1) gauge invariant case, for T = m = 0, it
reduces to the simple form
trMc2 =
1
30
∇γ∇
γRαβ αβ −
1
9
Rαβ
αβ ·Rγδ
γδ (115)
−
11
180
Rαβγδ ·R
αβγδ −
43
90
Rαγ
α
δ · Rβ
γβδ.
The results eqns.(102), (108) and (115) for T = 0 are contained in [46] as
special cases.
In eqns.(102), (107), (113) and (114) we have explicitly obtained the dif-
ferent anomalous contributions to the rescaled partition functions as local
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P gauge invariant polynomials in the fields eα
γ and Bα
γδ . As discussed
above, they also must be present in any classical gauge field dynamics con-
sistent with renormalizability of the matter sectors. Hence, we are finally
led to construct a minimal action for the gauge fields just in terms of these
P gauge invariant polynomials. Note that this reasoning yields in the case
of non-abelian matrix groups indeed the usual Yang-Mills action.
For T 6= 0 we restrict ourselves to the contributions of O(∂0, ∂2) in the
derivatives and obtain as minimal classical action to this order
SG(e,B) =
∫
det e−1{Λ−
1
κ2
· R˜αβ
αβ + β1 · Tγα
γTδ
αδ (116)
+ β2 · TαβγT
αβγ + β3 · TαβγT
γαβ +O(∂4)},
skipping possible total divergence terms. Here we have to introduce different
couplings κ, β1, β2, β3 and the constant Λ which are independently renormal-
ized by the one-loop contributions we determined above. Note that our rea-
soning automatically enforces a cosmological constant as to be expected from
general renormalization considerations. The action eqn.(116) describes the
classical gauge field dynamics correctly at sufficiently low momentum scales
and small values of the couplings. Nevertheless, only a dynamics containing
the huge number of different O(∂4) terms as well, coming along with the
same number of independent couplings, will be consistent with renormaliz-
ability [44].
If we set T = 0 the minimal classical action must contain the terms
SG(e) =
∫
det e−1{Λ−
1
κ2
·Rαβ
αβ + α1 · Rαβ
αβ · Rγδ
γδ (117)
+ α2 ·Rαγ
α
δ ·Rβ
γβδ + α3 ·Rαβγδ ·R
αβγδ ,
if discarding total divergencies. The couplings κ, α1, α2, α3 and the constant
Λ obtain again contributions from the one-loop scale anomalies which have
been determined above. We emphasize that SG is an action for gauge fields
defined on the Minkowski spacetime (R4,η) and is invariant on one hand un-
der local P gauge transformations, on the other hand under global Poincare´
transformations reflecting the symmetries of the underlying spacetime.
Important aspects of the quantized theory (117) such as one-loop diver-
gencies and β-functions and its unitarity problems are discussed in [44] and
references given there.
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9 Conclusions
Based on the complementary conception of Poincare´ symmetry as a purely
inner symmetry we have developed a P gauge theory of gravitation. The
gravitational interaction is mediated by gauge fields defined on a fixed
Minkowski spacetime. Their dynamics has been determined imposing con-
sistency requirements with renormalization properties of matter fields in
gravitational backgrounds. In an appropriate low energy limit it reduces
to a form yielding the same observational predictions as made in general
relativity.
In our conception there is no direct interrelation between gravity and
the structure of spacetime. E.g., only if asking about the behaviour of rods
and clocks at the classical level one is led to introduce an effective metric
containing the desired information [23]. On the other hand, at the quantum
level it may conceptually be easier to deal with a field theoretical description
of gravitation free of any geometrical aspects.
This may shed some new light on questions related to the causality struc-
ture of spacetime at the quantum level, or the question of energy-momentum
carried by the gravitational fields. Namely, the separation of the local
gauge group P from the global Poincare´ symmetry group of the underlying
Minkowski spacetime will allow us to obtain the energy-momentum carried
by the gauge potentials in the usual Noether way.
In the determination of the scaling behaviour of the one-loop vector field
partition function we obtained fluctuation operators of a more general form
than usually investigated. Working out the coefficient functions occuring
in the asymptotic expansion of the corresponding heat kernels poses an
interesting technical problem in its own and is a necessary ingredient of a
determination of the full scaling behaviour for T 6= 0,m 6= 0.
The most serious drawback of the present approach is of course the
necessity of including the terms quadratic in the field strength in the classical
gauge field action. Although the corresponding quantum theory is known
to be renormalizable, the occurrence of negative energy or negative norm
ghost states has destroyed up to now any attempt of establishing unitarity
and hence a physical interpretation of the theory [44].
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A Heat kernel coefficients of P gauge covariant
differential operators
In this appendix we determine the heat kernel coefficients c1 and c2 belong-
ing to a general hermitean P covariant second order differential operator M
defined on the d-dimensional Minkowski spacetime (Rd,η). We adapt here
well-known techniques developed in a geometrical context to our case [47] -
[50].
Let us consider the P covariant hermitean operator
M = −DαD
α + E, Dα = ∇α +Aα. (118)
∇α = dα+Cα is the P covariant derivative defined in eqn.(42). We empha-
size that Cα =
i
4Cα
γδΣγδ is throughout understood to be adjusted to the
Lorentz group representation it acts upon to ensure the covariant transfor-
mation properties of Dα. The anti-hermitean matrix-valued four-vector Aα,
on the other hand, is kept fixed. Finally, E is a general hermitean matrix
field.
The heat kernel K(is;x, y), s > 0, belonging to Mx fulfils(
∂
∂(is)
+Mx
)
K(is;x, y) = 0 (119)
together with the initial condition lims→0K(is;x, y) =
1
det e−1
δ(x − y). We
are interested in the small s-expansion of K(is;x, y) in the coincidence limit
y → x. Asymptotically this expansion is of the form
K(is;x, y) ∼s→0
i
(4piis)
d
2
e−
r2(x,y)
4is
∞∑
k=0
(is)kck(x, y). (120)
Hence, the task is to evaluate r2(x, y) and the coefficient functions ck(x, y).
Inserting the expansion (120) in eqn.(119) and equating equal powers of s
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we obtain the three P covariant relations
r2(x, y) =
1
4
∇αr
2(x, y) · ∇αr2(x, y), (121)
1
2
∇αr
2(x, y) ·Dαc0(x, y) =
{
d
2
−
1
4
∇α∇
αr2(x, y)
}
· c0(x, y), (122)
1
2
∇αr
2(x, y) ·Dαck+1(x, y) (123)
=
{
d
2
− k − 1−
1
4
∇α∇
αr2(x, y)
}
· ck+1(x, y)−Mxck(x, y).
The first equation allows to evaluate r2 and all its covariant derivatives at
y = x whereas the two other relations (122) and (123) allow a recursive
determination of ck and all its covariant derivatives again at y = x. c0 = 1
at y = x ensures the correct initial condition. Note the introduction of the
shorthand notation f(x) ≡ f(x, x) for functions taken in the coincidence
limit y = x.
We turn to the calculation of r2 and its covariant derivatives. Differen-
tiation of eqn.(121) leads to the relations
2∇αr
2 = ∇αηr
2 · ∇ηr2, (124)
2∇βαr
2 = ∇βαηr
2 · ∇ηr2 +∇αηr
2 · ∇β
ηr2, (125)
2∇γβαr
2 = ∇γβαηr
2 · ∇ηr2 +∇βαηr
2 · ∇γ
ηr2 (126)
+ ∇γαηr
2 · ∇β
ηr2 +∇αηr
2 · ∇γβ
ηr2.
Here we introduced the shorthand notations ∇βα = ∇β∇α etc.. As the
initial value is r2(x) = 0, the relation (124) leads to
∇αr
2(x) = 0 (127)
which is consistent with (121). The use of eqn.(127) in the second relation
(125) yields now 2∇βαr
2(x) = ∇αηr
2(x) · ∇β
ηr2(x) and is solved by
∇βαr
2(x) = 2ηβα. (128)
As ηβα is the only second rank tensor with the desired covariance properties
this solution is in fact unique. Using the above results the third relation
(126) becomes ∇γβαr
2(x) = ∇βαγr
2(x) +∇γαβr
2(x) +∇γβαr
2(x). To solve
it we commute the covariant derivatives according to eqn.(43). This yields
e.g. ∇γαβr
2(x) = ∇γβαr
2(x) + ∇γ(Rαβ r
2(x)) = ∇γβαr
2(x), for r2(x) is a
scalar and thus Rαβ r
2(x) = 0. Hence, we find
∇γβαr
2(x) = 0 (129)
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expressing simply the fact that no homogeneously transforming third rank
tensor built from eα
γ exists. In the same way we obtain
∇δγβαr
2(x) =
2
3
(Rαδβγ +Rαγβδ) (130)
and higher derivatives.
We turn to the computation of c1(x). Appropriate differentiation of the
relation (123) for k = 0 and the use of the results eqns.(127) -(129) for the
covariant derivatives of r2 lead in the limit y → x to
c1(x) = Dα
αc0(x)− E · c0(x). (131)
Note the introduction of the shorthand notations Dβα = DβDα etc.. There
remain the different higher derivatives of c0 to be determined. We now
differentiate the relation (122) for c0 and obtain together with the results
eqns.(127)-(129) in the coincidence limit
Dαc0(x) = 0, (132)
Dα
αc0(x) = −
1
8
∇α
α
β
βr2(x) · c0(x).
Inserting the initial condition c0(x) = 1 finally yields
c1(x) = −
1
6
Rαβ αβ − E. (133)
The calculation of c2(x) is algebraically more involved. We thus restrict
ourselves to note that it requires the use of the commutation relation for the
covariant derivative Dα
[Dα,Dβ] = [∇α,∇β] +∇αAβ −∇βAα + [Aα, Aβ ] (134)
= Rαβ + Fαβ
which defines the field strength Fαβ belonging to the gauge field Aα. The
Jacobi identities for the covariant derivative ∇α lead to Rηαβγ + Rηγαβ +
Rηβγα = 0 and ∇γR
αβ
αβ = 2∇αR
αβ
γβ allowing then to bring the result for
c2(x) into the simple form
c2(x) = −
1
30
∇γ
γRαβ αβ +
1
72
Rαβ
αβ · Rγδ
γδ
+
1
180
Rαβγδ ·R
αβγδ −
1
180
Rαγ
α
δ ·Rβ
γβδ (135)
+
1
12
Fαβ · F
αβ +
1
6
Rαβ αβ ·E
−
1
6
[Dα, [D
α, E]] +
1
2
E2.
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We finally remark that unfortunately only c1 has been computed directly
for an operatorM withDα = ∇˜α+Aα, where ∇˜α = dα+Bα includes torsion
[51].
B ζ−function regularization of functional determi-
nants and ζ(0).
In this appendix we define the functional determinant belonging to M
in terms of the ζ−function regularization technique. We then determine
its change under a rescaling using the heat kernel expansion obtained in
appendix A.
One can define the functional determinant of the operatorM = −DαD
α+
E introduced in appendix A to be [52], [53]
log detM ≡ − lim
u→0
d
du
ζ(u;µ;M) (136)
where the generalized ζ−function belonging to M is given by
ζ(u;µ;M) ≡ µ2uTrM−u. (137)
The scale µ at which parameters such as couplings, masses and wavefunc-
tion normalizations have to be adjusted is introduced in order to keep the
determinant dimensionless.
The above definition of ζ does not allow to take the u-derivative at
u = 0 since the trace is defined only for Reu > d2 . The necessary analytic
continuation is achieved by recasting ζ as the Mellin transformation of the
heat kernel
ζ(u;µ;M) =
iµ2u
Γ (u)
∞∫
0
ds (is)u−1 Tr e−isM (138)
and yields indeed the desired ultraviolet regularization.
Let us next consider the behaviour of the functional determinant under
a change of scale µ˜ = λµ. One obtains
ζ ′(0; µ˜;M) = ζ ′(0;µ;M) + 2 log λ · ζ(0;µ;M). (139)
The change of the functional determinant under a rescaling is thus fully
determined by ζ(0;µ;M).
To evaluate ζ(0;µ;M) we use the representation eqn.(138). It is the
singular part of the s-integration in eqn.(138) which yields a nonvanishing
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value for ζ(0;µ;M). As this singular part comes from the small s-region
we may use the expansion for the trace of the heat kernel following from
eqn.(120) in appendix A
Tr e−isM ∼s→0
i
(4piis)
d
2
∞∑
k=0
(is)k
∫
ddxdet e−1 tr ck(x). (140)
Performing the s-integration in (138) singles out the contribution for k = d2
from the infinite sum and one obtains
ζ(0;µ;M) =
i
(4pi)
d
2
∫
ddxdet e−1 tr c d
2
(x). (141)
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